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DEVELOPMENT OF A NONLINEAR VORTEX METHOD 
By 
Osama A. Kand11* 
I. INTRODUCTION 
The present sem1-annual report includes the progress of the 
research work conducted under th1s grant toward the development of 
rellable nonl1near vortex methods for pred1ctlOg the steady and un-
steady aerodynam1c loads of h1ghly swcptback wings at large angles of 
attack. It also presents abstracts of the papers, talks, and theses 
produced through th1S work. Th1S report covers the per10d from 
October 1, 1980 to March 31, 1981. 
Dur1ng this period, research work has been concentrated on 
develop1ng the follow1ng t~u methods: 
1. ~bd1fied Nonl1near D1screte Vortex (MNDV) method. 
2. Non11near Hybr1d Vortex (NHV) method • 
The f1rst method 1S a mod1f1ed verS10n of the NDV-method where a 
realist1c model of the 1nvisc1d leading-edge vortex core 1S 1ntro-
duced by the pr1nc1pal 1nvest1gator. The mod1fied method'allev1ates 
the problems prev10usly encountered 10 predict1ng satisfactory pres-
sure d1str1but1ons on h1ghly sweptback wings. Moreover, 1t enJoys 
a remarkable success 1n pred1cting, for the first t1rne, the latest 
experimental data publ1shed by Hummel. l 
Although the old NOV-method was almost abandoned in predict1ng 
the flow details and the dlstr1buted aerodynam1c characteristics of 
of th1s problem, the ~odifled NDV-method plnpo1nted and cured the 
causes of problems encountered wlth the old method. The prel1rnlOary 
published results of the MNDV-method were well recelved. In this 
regard, the P.I. has received two letters of recognitlon, the flrst from 
* ASSoclate Professor, Department of Mechan1cal Englneerlng and 
Mechanlcs, Old Dom1n1Qn Un1verslty, Norfolk, V1rg101a 23508. 
1 Hummel, D., "On Vortex Formatlon OVer a Slender Wlng at Large 
Angles of Inc1dence," AGr.RD CP-247, January 1979. 
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Professor Hummel of the Institute of Fluid Mechanics of the Techn~cal 
Univers~ty in Braunschwe1g, West Germany and the second from Dr. 
Na~g1a of the Department of Aeronaut1cal Engineering of the Un1versity 
of Bristol, England. Cop1es of these letters are enclosed in Appen-
dix A. 
The results obta1ned from the NHV-method for w1ngs hav1ng side-
edge separations have shown that the calculated spanw1se var1at~ons 
of the load coeff1cients are in good agreement w1th the exper~ental 
2 data of Scholz. Compar1sons of the results w1th those of the NDV-
method have shown that the NHV-method requ1res less number of vortex 
panels than the latter method for the same accuracy. 
In the next two sect10ns, spec1f1c po1nts of progress and ab-
"~. 
stracts of papers are presented for each method. 
II. MODIFIED NONLINEAR DISCRETI: VORTEX (l.!NDV) METHOD 
1. A paper descr1b1ng this method was presented at the 12th Congress 
of the Internat10nal Council of the Aeronautical Sciences, Munich, 
Federal Repub11c of Germany, October 12-17, 1980. The paper 1S 
titled, "Numerical Predict10n of Vortex Cores from the Lead1ng 
and Tra111ng Edges of Delta W1ngs." The paper 1S attached as 
Append1x B. 
2. A prel~1nary verS10n of this paper was also presented at the 
28th Meeting of the Aerospace Flutter and Dynam1cs Council, 
Williamsburg, VA, Oct. 1-3, 1980. 
3. More results of th1s method for 3/4 turn of the lead1ng-edge 
vortex system were presented at the 17th Annual Meet1ng of the 
Society of Engineer1ng SC1ences, Atlanta, Georg1a, Dec. 15-17, 
1980. The paper 1S t1tled, "Hodeling of Vortex Cores and Feed1ng 
Sheets of Delta Wings uS1ng the Nonlinear Discrete Vortex Tech-
n1que." The publ1shed abstract is attached as Append1x C • 
2 Scholz, V.N., "Kraft and Druckverte11ungsmessungen an Tragflachen 
Kle1ner Streckung," Forscharb. Ing. Wes., No. 16, pp. 85-92. 
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4. Currently the technique is mod~f~ed for accurate near-field 
calculations by replac~g the concentrated vortex segments w~th 
vortex panels hav~ng linear vortic~ty d~stributions. The vort~­
city funct~ons are expressed in terms of the unknown circulations 
of the orig~al concentrated vortex segments. This is opposite 
to what is being done w~th the NHV-method. For th~s purpose, 
the recently developed and highly efficient cOMputer code of 
the veloc~ty field w~ll be used. Appl~cations of th~s f~nal 
vers~on of the MNDV-method to delta w~ngs with var~ous aspect 
ratios and various angles of attack will be performed to study 
the effects of those two parameters on the format~on and ~nter­
act~on of the vortex cores. 
These results w~ll be presented as a part of the AIAA paper 
No. 81-1263 to be presented at the AIAA 14th Flu~d and Plasma 
Dynam~cs Conference, palo Alto, Cal~forn~a, June 23-25, 1981 • 
The paper is t~tled, "Recent Improvements ~n the Predict~on of 
the Lead~g and Tra~ling Edge Vortex Cores of Delta Wings." The 
other part of the paper deals w~th the v~scous modeling of the 
vortex cores. This work ~s supported under a separate contract 
with the Naval A~r Development Center, Warminster, PA. A copy 
of the paper abstract ~s attached as Appendix D. 
III. NOIlLlNEAR HYBRID VORTEX (nHV) METHOD 
1. Th~ M.S. thes~s of Mr. L~-Chuan Chu is completed in December, 1980. 
The thesis is t~tled, "A Nonl~near Hybrid Vortex Method for W~ngs 
Having S~de-Edge Separations." The abstract of the thes~s is 
attached as Appendix E and a copy of the thes~s was del~vered to 
the techn~cal mon~tor, Dr. E. Carson Yates, Jr., who also served 
as a member 0: the thes~s committee of Mr. Chu. 
Currently, Mr. Chu is ass~sting ~n the development of the NHV-
method for lead~g- and s~de-edge separations for ste~dy-flow 
problems and for unsteady-flow problems due to small osc~llat~ons 
of w~gs around large mean angles of attack. These problems form 
subst~nt~al port~ons ot h~s Ph.D. d~ssertation. 
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2. The results of the M.S. thes~s were presented at the 28th Meeting 
of the Aerospace Flutter and Dynam~cs Council, NASA-Langley 
Research Center, Hampton, VA, Oct. 3, 1980. 
3. A h~ghly effic~ent computer code for the exact calculat~on of 
the veloc~ty f~eld ~nduced by tr~angular and quadr~lateral vortex 
panels hav~g l~near vortic~ty distr~but~on has been developed, 
tested, and completed. Work ~s underway to develop the necessary 
cond~t~ons to elim~nate the singularity of the normal component 
of the ~nduced veloc~ty along the panel edges It is a logar~thmic 
singular~ty ar~s~ng from the geometr~c d~scretizat~on of the vortex 
sheet. ~tr. Thomas Tureaud, M.S. student, ~s ass~sting ~n th~s 
problem for h~s M.S. thes~s. He w~ll also be working on converting 
the steady-flow computer code from the CYBER-17S computer to the 
CYBER-203 computer. 
4. The steady-flow computer code for lead~ng- and s~de-edge separa-
tions wh~ch employs triangular vortex panels on the free-vortex 
sheets ~s completed. currently, it is tested for rectangular, 
delta, and clipped-delta w~ngs. 
S. The formulat~on of the unsteady-flow problem us~ng the NHV-method 
is completed. ~~e computer program developed ~n Item 4 w~ll be 
extended and mod~fied for the unsteady-flow problem. 
Due to the amount of work done th~s year, due to the complexity 
and ~portance of the present problems, and due to the natural 
lack of experience of some of the beg~nn~ng students, we have 
used the computer relatively heavy ~n the past 6-12 months • 
Certa~n measures are now taken to closely monitor the computer 
usage. 
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PROF. DR.-INC DIETRICH HUMMEl 
1M INSTITUT fOR STROMUNC5MECHANIK 
TECHNISCHE UNIVERSITAT DRAUNSCHWEIC 
Or. Osama A. Kandil 
Associate Professor 
Dept. of Mechn. Engineering and 
Mechanics 
Old Dominion Unlversity 
Norfolk. VA 23508 
- U.S.A. -
Subject: Vortex format1on behind delta wlngs 
~-"'~~'r 1-;~"~--;T--=-'-\ ~~'"7~'-.. .;.~r'"'~-~-) ~~ .... ,..., ... ' 
3300 BRAUNSCHWEIO Dec. 10, 
aUNIOD'1 WIC • 
TIL«'ON_ .o.all a21 •• O UND .0".'1 
Hl/Ho/B0/204 
Reference: Your paper. presented at the 12th ICAS Congress in Munich, 1980 
Dear Or. Kandil, 
I thank you very much for having sent me a preprint-copy of your paper presente, 
at the leAS-Congress 1n Munich. I have read your paper wlth great lnterest and 
I congratulate you for your excellent results. 
Unfortunately, I was not able to attend the ICAS-Congress because I was abroad. 
I spent about two ~onths in Korea to deliver a lecture serles there. Therefore, 
I missed your lecture in Munich as well as many other interestlng papers. But 
I heard that there was a good discusslon after your talk. 
This is to let you know that we are presently engaged in similar experiments 
on double-delta wings where we get a twin-vortex system on each side of the wing 
In addition, a wlng-canard model is under construction Wh1Ch wlll enable us in 
near future to measure the vortex system of such a configuratlon. We wlll 
publish results as soon as posslble and we hope that you wlll perform the 
corresponding calculat10ns uSlng your program. 
With best wishes for a merry christmas and a happy new year I am 
sincerely yours, 
A,~ww( 
(Prof. Or.-Ing. D. Hummel) 
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UNIVERSITY OF BRISTOL 
DEPARTMENT OF ,\ERONAUTICAl. ENGINEERING 
Prof .. ,Of of Aeronautical Enloneettnl: QUEEN'S BUIl.OING 
UNIVERSITY WAl.K 
BRISTOl. 
l.. F. CRABTREE. Ph.D •• C.Enl •• F.R A •• S. I 
TII.phone 24161 ass ITR 
Professor O.A. Kandil, 
Mechanical Engineering and Mechani~s Department, 
Old Dominion University, 
Norfolk, 
Va. 23508 
U.S.A. 20th November, 19E 
Dear Professor Kandil, 
Vortex Flow Reports 
As promised, I have pleasure in sending copies of the following reports. You 
might care to si~ulate some of the flows with vortex sheet models particularly on 
wings with camber at low angles of attack. 
Nangia, R.K. 
Nangia, R.K. 
Nangia, R.K. 
Nangia, R.K. 
Nangia, R.K. 
Nangia, R. K. 
A Study of Slender, Thin, Conically Cambered Wings with Flow 
Separation. 
University of Bristol, Department of Aeronautical Engineering. 
Report RlUi/7701 (October 1977). Revised 1980. 
Slender, Thick, Sharp-Edged Conically C~~bered Wings with Flow 
Separation. 
University of Bristol, Department of Aeronautical Engineering. 
Report RK~/7801 (June 1978). 
A Study of Slender Conical Thick Wings and Bodies with Variation 
of Flow Separation Point. 
University of Bristol,Depar~ent of Aeronautical Engineering. 
Report R~~/7802 • 
Secondary Separation Modelling on Slender Wings • 
University of Bristol, Depar~ent of Aeronautical Engineering. 
Report RKN/7 90L 
Separated Flow Past Thin Slender Wings of Arbitrary Planform and 
Spanwise C~~ber. 
University of Bristol, Department of Aeronautical Engineering. 
Report RK~/7902. 
Leading Edg~ Devices, Slats on Swept-Back Slender Wings with Flm 
Separation. 
University of Bristol, Departu,ent of Aeronautical Engineering. 
Report RKN/8001 (1960). 
With best wishes, 
Yours sincerely, 
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Numerical Prediction of Vortex Cores of the 
leading and Trailing Edges of Delta Wings. 
Osama A. Kandll+ 
DepartMent of Mechanical Engineering and Mechanics 
Old Dominion University, Norfolk, VA Z35C8, USA 
~ 
lhe purpose of the present paper Is to pre-
dIct the roll-up of the vortex sheets emanating 
fr~ the leading- anj trailing-edges of delta wings 
ftlth emphasis on the Interaction of vortex cores 
beyond the trailing edge. The motivation behInd 
the present work Is the recent experl~~n~al data 
publIshed by Hunmel. 
The Nonlinear Dlscrete-VorteT method (NOV-
method) IS modified and extended to predict the 
leadlng- anJ trailing-vortex cores beyond the 
trailIng edge. The prese~t model alleVIates the 
problems previously encountered In predicting 
satisfactory pressure distributions. This Is 
accomplls~ed by lumping the free-vortex lines 
during the IteratIon procedure. The leadlng-
and trailing-edge cores and their feeding sheets 
~re obtaIned as parts of the solutIon. 
The nur.erlcal results s OJ,,, that t~e NOV-
Irtthod Is successful In confIrming the fomation 
of a trailIng-edge core with oppo;lte circulation 
and opposIte roll-up to those of the leadIng-edge 
core. Thi s work I s a break through I n the hi gh 
angle of attack aero~ynaMlcs and Moreover, It Is 
the first nunerlcal prediction done on t~ls 
problem. 
NOME:lCL'<Tl:RE 
'\R WlnQ aspect ratio 
b wI ng ha If span 
b(x) local half span 
Cp static pressure 
!Cp net surface pressure 
Cr wing root chord 
LE leadIng edge 
LEC leading-edge core 
TE tra n I ng edge 
TEC trail Ing·edge core 
~yz wlng-flxe1 coordinates, origin at wing 
xyz 
nose, I-axis Is along the root chord, 
y-axis Is per~endicular to wing 
wind-fixed coordinates, orIgin at the 
trailing edge, i-aXIS Is parallel to the 
free strea~ dlrectlr: 
V-,V- v- c~ponents of v In the wind coordinate 
x y, Z syste~ 
corponent of v In planes x • constant, v--Zlii 
.... ~ ... 
.---\I Z -, (v-- • 'iv- • v-zx z x 
angl e of at tack 
dlTenslonless wlnd-fl~ed coordinates. 
; • X/b ••• fib, ; • z/b 
DESCRlpno~: OF Tf'E flO .. FIELD 
The flow field arou',d highly swe~t wIngs at 
~oderate to large an91~s of attack IS character-
Ized by flow se~aratlcris from the leadIng and SIde 
-ThIS research work is ~onsored by ~A?A Langley 
Research Center under ~Su l~~O, Dr. E. Carson 
fates, Jr Is t~e technical Monitor 
·Assoclate Professor, AIAA ~e~ber 
In 
edges due to strong cross flows. The flows from 
the upper and lower surfaces of the wing leave ~t 
these edges formIng free-shear I~yers. The sepa-
rated free-shear layers roll up spirally and fonn 
tow vortex cores whIch are continuously fed by 
the vorticity shed fr~ the attached boundary 
layers on the wing surfaces through the free-shear 
layers. This flow separation Is known as the 
"prinary separatIon." It has a domInant effect on 
the aerodynaMic charateristlcs due to the large 
strength of Its vortex core and It proximity to 
the upper surface of the wing. It generates a 
large suctIon pressure peak on the upper surface 
under the prImary vortex core. I- 3 
The adverse pressu~e gradient outboard of the 
suction peaks affects the boundary layer flow on 
the upper surface and "secondary separatIon" from 
the wIng surface occurs. The secondary separated 
flow forns either an additional free-shedr layer 
or a bubble depending on the angle of attack and 
the wing aspe:t ratIo In tne range of moderate 
to large angles of attack, Hie secondary free-shear 
layer rolls up spirally In an oPposIte sense to 
that of the prl~ary free-shear layer and foms a 
secondary vortex core with a strength ~uch smaller 
than that of the primary core and of oPposIte 
strength. l -S 
The effect of secondary separation on the 
upper-surface pressure distributIon depends on 
the type of boundary-layer flow on the upppr 
surface. For a lamInar boundary layer, the secon-
dary core produces another lower pressure peak 
between the secondary and primary lInes of 
separatIon. For a turbulent boundary layer, such 
a pressure peak Is hardly noticed, and the pres-
sure peak corresponding to the primary sep~ratlon 
is higher than that af the laminar boundary-layer 
flow. S Therefore, when Invlscld models are usea 
.0 predIct the pressure distribution, the calcu-
lated results should be compared with the experi-
mental data correspondIng to a turbulent boundary-
layer flow 6 
A third type of flow Involving a "tertiary" 
separatIon ~ay occur between the lines of secondary 
and prl~ary sep~ratlan due to an adverse pressure 
gradient crelted by the secondary vortex core . 
The free-she3r layer e~natlng fr~ the 
trailIng ed;e of a wIng with hIghly swept-back 
leadIng cd;e IS of o~poslte strength to that of 
tre priT~ry free-shear layer. Beyond the trallina 
edge. It rolls yP SPIrally In an OPPosIte sense to 
thH of tre priTary free-shear layer and fonns a 
vorte_ core Tre tralllr.g core has the same sense 
of strength and core rotation as the secondary 
vortex core, although they originate fr~' dIfferent 
phenor.ena. However, theIr InteractIon beyOnd t~e 
trailing edge Is stIlI unkncwn. 5,7 Figure 1 
(reproduced fr~n Rp.ference 5) shows a sch~atic of 
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the vortex fornatlon behind a slender delta wing. 
Figure 1-b shows that the secondary vortex sheet 
and the trailing-edge vortex sheet ha~e the same 
sense of rotation and the s~e spanwfse lo'~tio~ 
Their sense of rotatfon Is OPPosIte to t\at of 
the primary vortex sheet. 
The purpose of the present paper Is to pre-
dict the roll up of the free-vortex sheets 
emanating fron t~e leading and trailing edges of 
delta wings. The main eMphlSls Is to ccnfint the 
measur~nts ana conclusions of HuMmelS that th~ 
trailing-edge sheet rolls uP Into a vortex core 
within a dlstlnce of 1/4 root chord from thl 
trailIng edge, that Its rotation Is opposite to 
tha: of the primary vortex sheet. and that the 
trailing edge core Is of ~rlgin different froo the 
secondary-vortex core althougn they have the sama 
sense of rotatIon. 
II. EXISTING MATHEMATICAL MOOELS 
The description ~Iven above shows that the 
flow field contaIns four dtfferent vortex cores, jlrimary, secondary, tertiary, and tral1fng-edge 
v~rtex cores. The secondary and tertiary cores 
are due to viscous phen~~na and cannot be modeled 
by uSIng Invl5cld mOdels. However, their effects 
are s~ll partlculary when the turbulent boundary-
laypr flow existS on the upper surface of the wIng. 
Hence. they are n!glected. 
In most analyses. the attached boundary 
layers on the wing surfaces are represented by 
bound-vortex sheets while the separated free-$hear 
layers are ~delEd by free-vortex Sheets. The 
free-vortex sheets jotn t~e bound-vortex sheets 
along the separation lInes whfch are known a priori 
for wfngs WIth 1harp edges. Moreover. we 4ssune 
that vortex-breakdowr points are far downstre~ s~ 
that the primary core she and its variation In 
the vicini ty of the wIng are neglected. In fact, 
this assumptfon If~lts the large angles of attack 
at which the fnvlscid model Is applicable. 
Furthernore, the flew outside the ~ound-vortex 
sneet(s) and ths free-vortex sheet(s) can be 
assumed Irrotatlonll. 
Within these assumptions. the resulting 
potential flow rodel represents t~e ~dfn features 
of the real flow to a hfgh ~e;ree of accuracy. 
The lfterature contains sev,ral steady and 
unsteady Invlscid-flow models with varfous degrees 
of 1 Iml ta tl ons and dr~wbacks. 
The first group of ~~els u~s slender-body 
theory an~ conIcal flow ass~tfon.lO-18 These 
modsls satisfactorIly predfct the pr~ssure 
distrfbution over the front portfon of the wing 
surface. In the rur portlen, the mOOels fai; 
to predfc.: a satisfactory pressure distribution 
because Kutt4 condition Is violated at tre trail-
'ng edge. SUCh Inodels are l1::1:ed to si;rple delta 
pI anforms. 
," 
The second group o'~odels uses a nonlinear 
dlscrete-vorte~ ~ethod.19 31 In these ~odels. the 
bound-vortex s~eet and the free-vortex \~eets are 
approxIMated by a set of concentrated lortex lines. 
The !:Iound-vortex sheet Is reo I aced by !. OOlond-
vortex lattice, while the free-vortex s/'et Is 
replaced by segmented free· vortex lines (In th! 
case of steady flow) or by a growIng free-vortex 
lattice (In the case of unste.dy flow). The 
boundary condlticns are satisfied at certain con-
trel points on the bound- and free-vortex system 
using an Iterat,ve technique. Excellent agreeT-enc 
wa~ found21 ,23 bet10teen ca 1 cula ted and t'~peri,'entd I 
total aerodynAafc Characterist4 cs. and the agree-
ment between calculated ana experime~tal sectIon 
characteristics was satisfac:ory for wings w't~ 
only SIde-edge separation. fo~ wings WIth leadlng-
pdge separations, h~ver, the agre~!nt was les$ 
than satisfactory for some cases. 
Although the discrete-vortex model has for 
many years worked very well for attach~-flow 
problersJ2 , when vortex-type separation from 
leading edges and/or tips occurs. the free-vortex 
syst~ lies close ,0 the lifting-surface bound 
vortices dnd results are found to be senSItive 
to variations In the shapes of the Quadrlla~eral 
vortex el~ents and the relative lengtri ~t the 
vortex segrr~nts.JJ The bert agre~ent was ob-
tained by USing the vortex arrang~ent developed 
I n reference 21. 
The third group of models ~ploys dOublet-
P4nels. 34- 37 In this Metho~, the wing and Its 
free-vortex Sheets are divided into ne~Norks of 
quadrilateral panels. ~ach panel of the networks 
representing the wing has a biquadratic local 
doublet distribution and a bilinear local source 
distribution. The panels of networks representlno 
the free-vortex sheets have biquadratic local -
doublet dlstrlbutiors. Source and doublet splines 
are used t~ express the dlstributfons of slngu-
larftles on the networks In terms of dfscr-te 
values of singularIty strength at certain sta1dard 
points on each ne~work. The boundary condftlons 
a~d continuity of singularity strengths across 
abuttIng networks are enforced at certain standard 
points on each network. The results of this ~~thod 
are generally good when the solution converges. 38 ,Jg 
Apparently, the difficulty In obtaining convergence 
Is due to the failure In satisfYIng the c~ntlnufty 
of the derivatives of the doublet strength across 
abutting networkS. This Is equivalent to the 
existence of concentrated vortex lines between 
abutting networkS. 
The doublet panel method was extended~J to 
Include the effect of entraInment of the primary 
vortex cores thr?ugh an ~Irical approach. T~e 
results indicated that the ~ntraln~ent Increa~ed 
the nornal-force coefficient substJn~lally over 
the experImental values. 
An excellent review of the invlscid MaJels 
discuss~ above is given In referenc~ 41. 
Reference 42 evaluates tre AGARO S/~posl~ on HIg" 
Angle ?f Attack Aerooynamlcs. where m~ny rela'e~ 
works are discussed. 
The fourth group of moc.,ls ~ploys a nonlinear 
hybrid vortex ~ethod4J.44. In this ~eth~. con-
tlnuou~ '~rticlty Jna .ortex-line representations 
of the Ing and its separated free-Shear layers .,,-eused. 
Continuous vortiCity is Use~ In the near_field 
calculations while ~Iscrete vortex-lInes ~re used 
In the far-field calculations. 
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The wing and its free-shear layers are dIvided 
into QuadrIlateral vortex panels haVIng flrst-
order vortiCity distributions. The aerodynamic 
boundary conditions and continuity of the vortIcity 
dIstrIbutions are satIsfied at certain nodal pOInts 
on the vortex panels. An Iterative technique Is 
used to satisfy lhese conditIons In order to 
obtain the vortlclty dlstrlbutlon and the shapes 
of the free-vortex sheets. The calculated net 
surface pressure and section nOrMal-force 
coeffIcIents for wings wIth tip separatlon are 
in good agree~ent with the experl~ental data and 
the nonlinear dIscrete-vortex method. Work is 
underway to Include WIngs WIth leading-edge 
separation and to Improve flow modelIng by uSIng 
higher-order vortlclty distrIbution and nonplanar 
panels. 
So far, none of the four groups has been used 
to predict the leading- and trailIng-edge vortex 
cores. The present work Is the f,rst one In whIch 
such a prediction Is ccnSldered and successfully 
accomplIsh this goal. 
III. T~E EXISTING NO~LINEAR OISCRETE-~ORTEX 
METf<D(JIFv7.'1£THOD) Ar,D ITS M:' .. aAO,S 
After the AGARD Symposi~~ on High Angle of 
Attack Aerodynamlcs7• the first attenpt to predl~t 
tl'e vortex corerwas done by the N~V-methCld wh I ell 
was develcped In reference 21 and was later re-
fIned In reference 31. Next, a crItIcal evalua-
tlon of the eXIstIng model Is given In order to 
pInpOInt Its drawbacks. 
In this model, as well ~s In all the other 
existing models of the NDV_method I9-31 , no attempt 
has been made to model the leadIng-edge vortex 
core. The vortex sheets ~anatlng frem the lead-
ing and trailIng edges of a delta wIng are replaced 
by a sys tem of vortex 11 nes. EdCh vortex Ii ne 1 s 
diVIded into ~traight, short vortex segments and 
a semi-InfinIte vortex lIne. The dImenSIonless 
len~th of ~ach vortex segment Is equal to a unit 
length (thr chord length of a Quad Ilateral bound-
\Ortex element Is taken as the chalac~erlstlc 
length of the model). 
Starting WIth an initial guess l4 ,15 for the 
Inclination of the free-vortex lInes representIng 
the free-vortex sheets, the boundary condItIon on 
the bound-vortex lattice representIng the bound-
vortex sheet are satisfied at certaIn control 
pOInts. The resulting set of lInear algebraic 
equatIons Is solved and the cfrculatlon dIstri-
butIon Is obtained. Next, wIth the knownClrcula-
tlon distrIbution, the pOSItions of the vortex 
se~~nts of the fr~e-vortex lInes are adjusted ln 
order to satISfy the boundary conditions on the 
free-vortex sheets. These two steps of calcula-
tIons represent one IteratIve cycle. Several 
Iterative cycles are perf~rMed untIl tl'e pOSItions 
of the vortex se~ents or the CirculatIon dIstrI-
bution converge. 
Figure 2 shows a tYPIcal converge4 solutIon 
~f the systcn of fr£~-vortex lInes In three vIews 
for a delt~ WIng of aspect ratio of unity and 15' 
angle of attack. The~lan vIew also shows the 
arrangerent of bound-vortex lattIce In the three 
dl~ensionJI vIew the leadIng-edge core (LEe) Is 
shown. This core IS calculated after t~e solutIon 
converges and It represents troe centrOId of the 
12 
leadIng-edge vorte~ system. It is calculated In 
cross-flow planes. 
The comparison of height and spanwlse positlo 
of the calculated centrOId with those of the 
measured leading-edge corel ,4 IS gIven In fIgure 3 
Although this comparlson was encouraglng, the 
calculated centrOId does not model the phYSIcal 
vortex core where the vortex ,ore IS contInuously 
fed with vorticity fr~~ the leading edge through 
the free-shear layers USIng the systeM of free-
vortex lines, the total-aerOdynaMIC loads were 
accurately calculated but the calculated surface 
pressure dIstributIon was unsatisfactory •• On the 
other hand, using the centrOId of the leadIng-edge 
vortex system Instead of the leadIng-edge vortex 
system, the calculated surface pressure lmproved31 
(thIS does not satisfy the no-penetratIon condItIon 
on the wIng since t~ecentrold IS calculated after 
the solutlon converges.) It should be noted here 
that replaCIng the leading-edge vortex system by 
Its centrOId Is SImIlar to the model used by 
legendre lO • 
FIgure 4 shows a recent converged SolutIon of 
the system of free-vortex lInes WIth a long de-
forred wake. It can be seen that the trace of the 
traillng-edQe vortex system In cross planes Indl-
cates that the sheet tends to defOrM upwards 
shOWIng a tendency to form 4 traIlIng-edge vortex 
core However, the cross-flow planes taken further 
downstream shows that the free-vortex lInes leap-
frog. ThIS does not represent the real flow. 
Figure 5 Shows four of thIS cross-flow planes 
taken perpendicular to the WInd dIrectIon. 
It IS clearly seen from the few examples 
gIven above. that the existIng model of the NOV-
Method does not realistIcally wodel the leadIng-
and traIling-edge vortex cores. Therefore, the 
model and the n~~erlcal technIque wust be modIfIed 
in order to obtain real,stIC vorte~ cores. 
IV. MODI nCATIOII OF THE r.OV-METHOD AI.O ~100El/NG 
OF T"'rITA01i~ CORE 
The most obVIOUS drawback of the model IS the 
lack of a realistic mOdel of the leadIng-edge core 
and Its feeding vortex sheet. Modeling of the 
leading-edge vorte~ core and ItS feeding sheet 
hJ~ been first introduced by Brown and Mlchael l1 • 
IJowever, the leadIng-edge sheet In their model was 
taken as a planar surface and hence It does not 
represent the real flow. Mangler and S~lthl2 and 
Smith I3 fntroduced the first realistIC Model of 
the vorte~ core and its feeding sheet. TheIr 
wodel follows the slender body theory and hence It 
does not account for the deformation of the 
leadIng-edge vortex sheet In the chordwlse dIrec-
tion The nu~erlcal ~odels gIven In ref~rences 
3~-37 and 40 also do not account for the defo~a­
tlon of the leadIng-edge vortex sheet In t~e chord-
wIse directIon. Consequently, the leadIng-edge 
vortex sheet does n~t feed the leadIng-edge vortex 
core beyond the wIng tr~111n9 edge. Moreover, the 
~odel gIven In refere~ce 37 represents the free-
vortex sheets beyond t~e traillng-~dse by uSIng 
a prescrIbed shape whIch was call~d a "f·xed deSIgn 
wake" Therefore, nore of these models are caPJble 
of predictIng the vortex sreet defonratlon beyond 
the traIling e~ge. 
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In the present MOdi fied model of the NOV-
method, all these drawbacks are avoided. In tne 
present method, the old modal is used in the 
first two Iterative cycles, this Is tha coar:e 
modal. The centrol~of th! leading-edge vortex 
system of tho coarse model Is calculated and IS 
used as the preliminary leading-edge core. Next, 
the leading and trailing-edge free-vortex lines 
are replaced by finer vortex segments, this Is 
the fIne ~odel. Then, the iterative cycles 
proceed. During each iterative cycle, each free-
vortex line Is allOWed to notate three-di~ension­
ally around the most recently calculated centroid 
for a prescribed number of turns 0/4, 1/2, 3/4, 
or 1 turn). Once this Is accomplished, the re-
maining vortex se;r.ents of this Ifne Is dumped 
into the centroid. This technique Is followed 
until the circulation distribution conve~ges. 
Figure 6 shows typical solutions at different 
iterative cycles. It can be seen that after one 
Iterative cycle, the syste~ of free-vortex lines 
of the coarse model shows good deformations. The 
converged solution,lndlcated by ITER· 6,shows the 
le~dlng-edge core and Its feedIng free-vortex 
lInes. It can also be seen that the free-vortex 
lInes contInues to feed the LEC beyond the 
trailing edge. The traIling-edge core Is also 
Indicated on the fIgure. This WIll be clearly 
seen in the cross-flow planes dIscussed In the 
next sectIon. 
Figures 7 and 8 show converged solutions 
using a 12 x 12 bound-vortex laltlce and different 
turns of the free-vortex lines. 
V. NlI~ERfCAL EXAl1?LES AND CC1-IPARfSONS WITH 
HUMMEL'S EXPERIMENTAL ~ATA. PQtOlCfION OF tRE LEC 
AI10 TEe 
The calculated circulation of the free-vortex 
lines e~lnatlng from tha wing trailing-edge was 
found to b~ of OPPOSite sign to that of the free-
vortex lines ~~natlng frern the wing leading-edge. 
ihis Is consistent with Hummel's measurements. 
This is not a surprise and it can be explained as 
fol1ows: 
The leading-edge vortex core creates large 
suction pressure peak and hence the pressure 
continusouly rises In the spanwise direction 
from the wing axis to the location of the suction 
peak (this is completely OPPOsite to the spanwlse 
variation of pressure for wIngs with large aspect 
ratio and small angles of attack; the classical 
linearized wing theory.) Consequently, the 
circulation of the spanwise bound-vortex segments 
Increases In the spanwlse direction. In order to 
sattsfy the spatial conserv4tlon of circulation at 
the nodes of the bound·vortex lattice, the span-
wise Increase of circulation requires the CIrcula-
tion of the chordwise bound-vortex segments to be 
of opposite sign. In the ~resent model, the 
leadIng-edge vortex systen orIginates from span-
wise-vorte, segnents at the leaalng edge whIle 
the traillng·edge vortex syst~ originates from 
chordWlse-vortex se~ents. 
AccordIng to the ~Ifference In sign of the 
circulation of the trailing-edge vortex system 
from that of t~e leadIng-edge vortex syste~. one 
elpects that the trailing-edge vortex syste~ rolls 
up In an oPPosIte sense to the roll-up of the 
leading-edge vortex system. 
FIgures 9-13 show comparisons between the 
measured5 and calculated leadlng- and traillng-
eage sheets and flow directions In cross-flow 
planes perpendicular to the wind direction. The 
calculated results are drawn with the same scale 
as that of Hummel's measurements. The calculated 
results show a remarkable success of the new 
model. The predicted sizes and locations of the 
leadlng- and traillng·edge vortex sheets are 
very close to those of measurements. One can also 
see that the heights and spanwlse positlon~ of 
the LEC are successfully predicted. The sequence 
of the calculated cross flow planes sh~s that 
the roll-up of the trailing-edge sheet occurs in 
an oppos I te sense to tho!t rA th3leGdL~,: Ueet. 
Figure 13 shows the formation of the trailing-
edge core (TEC). Th~ difference between the 
pred,:ted and ~easured positions of the TEC IS 
due to the number of turns taken In calculating 
the leading-edge vortex system. It is expected 
to get the best comparison when one full turn Is 
considered. ~ith one full turn of the leadlng-
edge vortex system, the roll up WIll tighten and 
larger Induced velOCIties are created which in 
turn will deform the trailing-edge vortex syste~ 
upwards and leftwards as well. This refinement 
Is currently tested. 
Figure 14 sh~s a converged solution and the 
cross flow planes of a d~lta wing of ~spect ratio 
of 1.45. The formation of the trailing-edge 
core develops earlier than that of the aspect 
ratio of unity. Work IS underway to test different 
aspect ratIos and different angles of attaCk. 
Figure 15 shows comparisons between the 
predicted and measured static-pressure contours 
in different cross flow planes. The predicted 
sizes, loc~tlons, and levels of the pressure con-
tours are In good agreement with those of the 
measured data. 
Figure 16 shows comparisons of the predicted 
and measured spanwlse net surface pressure varia. 
tion at different chordwise statIons. With one 
full turn of the leading-edge vortex system,the 
predicted suction pressure peak will reach the 
measured one partlcuarly In the front portion of 
the wing due to the proximity of the feeding sheet 
to the wing surface. Moreover with one full turn, 
the roll-up tightens and the predicted pressure, 
away from the location of the suction peak, drops 
to match the experimental data. 
The newly developed computer code Is computa-
tionally efficient. On a CYBER-175, a typical 
solution of the 12 x 12 lattIce Including the cal-
culatIons of five cross-flow planes takes about 
10 nlnutes of CPU tl~. 
CO~ClUJING REMARKS 
The newly develo~ed NOV~ethod Is a break 
through In the area of the high angle of attack 
aerodynan,cs It enJOys a r~arkable success In 
predIcting, for the first tIme. the latest experi-
mental dlta published by Hummel. The present tech-
nIque cures the problems previously encountered WIth 
this ~ethod. The computer code which employs the 
13 
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present technIque is highly efficient when com-
pared with the present computer codes. It IS the 
only eXisting code which is capable of predicting 
the LEC and TEe beyond the trailing edg~. Work 
is underway to refine the technique by using one 
full turn of the leading-edge vortex system. 
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Paper no.81-1263. Recent Improvements in the 
Prediction of the Leadlng and Tralllng EdQe 
Vortex Cores of Delta Hlngs. O. A. Kandll, 
Assoclate Professor, Department of Mpchanical 
Engineering and Mechanics, Old Dominion Univ., 
Norfolk, VA. 
The recently :fodified flonl inear Discrete Vortex 
r~athod (MNDV-Method) has shown a remarkable 
success in predicting, for the first ti~e. the 
latest experimental data published by Hummel 
on vortex formation over a slender delta wing 
at an angle of attacK of 20.5°. 
, This paper presents the recent developments in 
the MNDV-fTethod used to accurately predict the 
location of the trail lng-edge vortex core and the 
surface pressure distrlbution. Also. it presents 
more numerical results of this technique for delta 
wings \'1ith various aspect ratlos and various 
angles of attack in order to study the effects of 
those t\>/O parameters on the formation and inter-
action of the vortex cores. 
Moreover. a viscous core model. based on the 
boundary-layer-like approximations. is presented. 
The viscous equatlons. wlth outer-edge boundary 
conditions obtained from the inviscid model. are 
pntegrated using a finite-di ffp-rence marching r-~cchn1que. I 
--_ .. -_ .. 
27 
.. 
:-
o_-____ .. ~-- w ..... _ ...... -~~-- -------
t 
I 
~I 
" ,~ .... 
H 
,\ - ~: 
>j: 
,:,:r 
'" } .~ :1( ," , ., 
, , 
, 
" \ 
.; }'. 
" 
-, 
" 
-< .,,,~ 
.. ' .... ~ 
'. , 
r,. ,-
" / 
" 
" ',,; 
, 
I~~ 
1,/-
' ..... ). 
~~ n 
, , 
~ 1:.. 
•• r. 
1-';/ 
., 
,~ ~-
" J' 
~'~ 
.~, ... 
;' ·'i 
':':. 
~ -{~ J\, 
~~ I , .... 
, 
,,-
l ' ,~ H. 
~ ~"1 
f~,::' 
ABSTRACT 
A NONLINEAR HYBRID VORTEX METHOD FOR 
WINGS HAVU"G SIDE-EDGE SEPARATIONS 
Li -Chuan Chu 
Old Dominion University. 1980 
Chairman: Dr. Osama A. Kandll 
A Nonlinear Hybrid-Vortex method (NHV-method) has been developed 
for predictlng the aerodynamlc characteristics of wlngs exhibiting 
slde-edge separations. The present method is a coupline between vortex-
panel and ~ortex-llne methods. In the near-field calculations. vortex 
panels are used while in the far-field calculations. vortex llnes are 
used. 
The wing and its free-shear layers are dlvided into planar 
quadrilateral panels havlng first-order vortlcity distributlon. The 
aerodynamic boundary condltions and continulty of the vorticlty dlstrl-
butions are imposed at certain nodal pOlnts on the panels. An lteratlve 
technique is used to satisfy these conditions to obtaln the vortlclty 
distributl0ns and the wake shape as well. To expedite the convergence 
of the iterative technique and to avoid excessive distortions of the 
free-vortex panels, good inltial guesses of the shapes of the free-
vortex sheets. obtained from the Nonlinear Dlscrete-Vortex method 
(NOV method). were used. 
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This method is used to calculate the distrlbuted and total steady 
loads on thln flat rectangular wings of dlfferent aspect ratlo~ and at 
dlfferent angles of attack. The agreement between the calculated 
results and the available experimental data is satlsfactory. 
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